MR. BURNSIDE, PERIODS OF ELLIPTIC FUNCTIONS BY 9. 89 


eet OPO ,_, = 9) (p=9) 
Then z e YAA zy wea 
, _(@-8)(p-9) .,. _(2-8)(p-9), 


“a= (@—q) (8-9) | 1 (@- 90-9)? 


and therefore 
Ta p—-q zdz 
v(a- g.B—q. 4-4-8- q) INŽ 22" =z) ú 
which is pseudo-elliptic. 


This case clearly corresponds to the two obviously pseudos 
elliptic integrals 
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which immediately offer themselves when Jacobi’s normal 
form is used, The other four forms in this case are 
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ON THE DIVISION OF THE PERIODS OF 
ELLIPTIC FUNCTIONS BY 9. 


By W. Burnside, M.A. 


The equation which determines P(3u) in terms of P(u) is 
(8P*— 39,P*= 39,P - 59,")’ P (3u) 
= P’ + 39,P" + 249,P° +159; P" — 9,9,P* + (89. — Pods) P 


+ (abegi — $929.) P+ B30 ga- Ja erretore (i), 
where for brevity P is written for P(u). 
If P Guy 28), 


the nine roots of this equation are 
P(u,) ? Put 4) ? P(u,+ $o) $ 
P(u, + 3o), P(u,t 3o't fo), P(u, + 50+ $0), 
P(ut+4o'), Put 4o'+ fo), Put 4o't $e), 


www.rcin.org.pl 


90 MR. BURNSIDE, ON THE DIVISION OF THE 


where 2, 2w’ is any pair of primitive periods of the elliptic 
function; and hence, if P (3u,) and P(%@) are both re-. 
garded as known quantities, 


P (u) + P(u,t 3o) + P(u,+ $o) 


can only take three different values; or, in other words, the 
equation (i) of the 9th degree has a resolvent of the 3rd 
degree, whose coefficients are rational in g,,9,, P (8w) and 


2w). 

The direct calculation of this resolvent involves rather 
laborious eliminations; but it may be determined very simply 
indirectly by finding the two cubic transformations, the suc- 
cessive performance of which leads to the equation (i) for- 
multiplication by 3. The general equation for transformation 
of order n (odd), viz. 


20 n-l 2rw 2rw 
Phu 20’) = P(w) +3 [(p@-=)-2(=)], 
gives for n = 3, 


P(u, 2w, 20") =P(u) + P(u + 3) + Plu -3w)-2P(3o)...(i) 
The invariants g'„ g, of the new elliptic function on the 
left-hand side of this equation are easily determined by 
expanding each side in powers of u. This gives 
1 F 2 Is, 4 ais Is 2 Is 4 2p 
+2 w+ woe + pout og tP (2) 
+ ppu P (u) + Gey 
and therefore 9, =9,+20P” (3), 
Gs = 9, + 28P™ (3w): 
or, it ARa) =a, 
9, =120a"-99,, 9, = 280u° — 42ag, — 279, 3. 
a being given by the equation 
a’ ~ 49,0" = 9,6 — Pegs = % 
The addition equation gives 
Pu) P? (Fo) | 


P(utjo) +P(u-go)=— 2[ P(u)+ P(g) ]+4 | P(a)- ge@)y . 


and therefore, on writing 
P(u)=x, Pu, fo, 20) =y, 
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the equation (ii) for the cubic transformation becomes 


42? - gr 9,4 40 -gag 


y=— (2+ 4a) + —— - Steps. 


_ v= 2274 + (Ta*— 49,) z — 2a*- 49,0 — 9, 


aoa w..(iii). 


The equation for giving P (u, 3, 3’) or z in terms of 
P(u, 3, 20’) will be of the same form with g’, and g, for 
g, and g, and b for a, where 4 is the properly chosen root of 
the equation 


b= 39/0 - 9b — ds’; = 0. 
Hence 
af yh + UE = dy) y- 2-37 b-F, ¢ 
z (y oF .»-(iv), 
but z= P(u, 30, $0") =9P (8u, 2w, 20’) ; 
and therefore the elimination of y between (iii) and (iv) must 
lead to equation (i). 


On making the substitution for y in (iv) and calculating 
the first few terms, there results 


aa a° — (6a + 2b) x° + (33a + 12ab + 70° — 39, — 3g) T +... 
(~a) [z 20a + (Ta’— 49,)2—- 20- 49,a-9,- blea) T 


Comparing this witb the equation (i), the coefficient of 
«* in the numerator must vanish and therefore 


b = - 3a. 


On substituting this value in the coefficient of x’ in the 
numerator and equating the result to 3g, 


g' = 66a" + 24ab + 144° — 99, 
= 120a" — 99,, 


verifying the previously found value, while the coefficient of 
a, which | bave not written down as it is rather long, verifies 
the value of g’. The denominator also, on taking account of 
the equation giving the value of a, will be found at once to 


reduce to 
(a = 99,2" - 9,2 Rn); 


moreover, on writing in the equation for b the values found 
for b, g', and g’, having regard to the equation for a, it will be 
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found to be satisfied. These verifications are sufficient ta 
ensure the accuracy of the analysis, the possibility of the 
process being known independently. 

When the values of b, g’,, g’, are substituted in (iv), it 
becomes 
y+ bayt (3a°+ $9,) y — 46a°+ 5Jag,+ 279, 

(y+ 3a) 

and now equation (i) may be replaced by equations (iii) and 
(iv’), and, regarding a as a known quantity, depends for 
solution on these two cubics. 

The process by which (iv’) has been derived from (ii) 
shews that if 


a= OF (x); 
then y=P(u,) + P(u, + 3) + P(u, + 4a) - 2a, 


and that therefore, if in (iv’) y be written for y + 2a, the 
resulting equation will be the resolvent of (i) originally 
referred to. If for z the four values of 9P (26) be substituted 
successively, the 36 resulting values of x will be the values 

2nw + nw 
of P(e 
n e except (0, 0), (0, 3), (8, 0), (3, 3), and (3, 6). 

To illustrate the application of these equations the case 
=0 may be taken. There is no real loss of generalit 
IT os ; g y 
in putting g,=4; and if then, following Lalphen’s notation, 


ye 
E (40° — 4)? 


2w, is the smallest positive real period ; while, if 


os (tt), 


z= 


) corresponding to all pairs of values of 


w, = iw, V3, 

2w’, is the smallest positive pure imaginary period. 
Also 20 =o, +0’, 
2w =a, - w, 


are a pair of primitive periods. 
‘The values of a in this case are 


0, 2%, 28a, 21a", where a=-}-7(4 V3), 
whence it immediately follows that 


Po) =2, P(jw') =0. 
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To discriminate between the other two values the equation 


P (au) = aPu 
may be used. 
so Oy 5 
Now a= aoe at 
therefore P(2o)= P(*: 5) =2a, 
P(3w’) =P (> = ‘) = 254%, 
Taking now in the two cubics (iii) and (iv’) 
a=0, 2=0, 
they reduce to 
4’ + 108 =0, 


æ — ye"? -—4=05 
one set of values of z is 
PRA), PQQ’ + §o’) =Po), PEt) = P40"), 
and these being real correspond to the real value of y, viz. 

y= 3. 25, 
Hence these three quantities are the roots of 

+3.20 40, 

which may be at once found in the form 
— 2 secgr, — 2% seco, — 2° seca, 


the cube root being the real one. 
Now, since PGW’) =0, P(3o’), P(4o',), and P(§o’,) 
T in ascending order of magnitude, the last being positive. 
ence 


Pło =- 2? sec $r, 

P (40’,) =- 2? sec gr, 

P (§o’,) =- 2° sec Sar. 
Since aw’, = } (3w, — w) = 0 + 20, 
and — aa’, =} (3w, + w,) = 2w + w. 


Six more values may be obtained from the given three by 
applications of the equation 


P (au) = a? (u). 
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The sets of values of the argument which correspond to the 
two imaginary values of y are %, $, and $ of 4w — w and of 
2w +w. There seems to be no ready way of discriminating 
between these; so that the numerical calculation of the 
various values of P(4@) will probably be most easily per- 
formed by finding P (2w,), P(4@,), P(§o,) and then using 
the addition equation for the rest. 

The direct calculation of these three quantities is made 
by using the values 

a=2, 2=9.2%, 

When the real value of y so obtained from (iv’) is used in 
(ili), the resulting equation has the three quantities in question 
for its roots. 

On making the substitutions, the equation for y is 


y — 3. 24y? — 51 .2*y — 400 =0; 
and by applying Cardan’s method the three roots of this 
equation are found to be 
2 (1+3), of (14.03%), 2 (1 +0738)” 
Entering the first of these in equation (iii), and writing 
raz’, B=(14+3), 
the equation for g’ is 
a (2 + B) 2? + (7 +28) z —(3+8)=0 ...(v). 


The application of Cardan’s method of solution to this 
equation, which has three real roots, leads to forms which are 
useless for numerical calculation; but the values of x may be 
obtained in a form explicitly free from imaginaries in the 
following way. 

Suppose the values 


a=0, 2=9.23 
be substituted in the two cubics. 
The three resulting cubics for x’ will be found to be 
(writing again z =2*e’), 
z” — 3 sec ĝm z*—1=01 
z” — 3 sec 4a z” — 1=0) Eaa Sea aa (vi), 


z” — 3 sec ĝm c*-—1=0) 
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‘and the three sets of values of æ will be 
Po), P Go, + 30), 
Phu), P (go, + 30',), 
PGo,), P (Go, + 30,), 


the order in which the equations and sets of roots are written 
not necessarily agreeing. fence, it follows that the equation 
(v) has one root in common with each of the equations (vi). 
The three values of z may therefore by ordinary elimi- 
nation be expressed rationally in terms of 8 and the secants. 
The result of the elimination and subsequent simplification 
is to give the three following values for x’, viz. 


er 24+3' 43! — 2 costrm 


— l, r=], 2,4. 
1 — 2 cos gra + 4 cos grm’ ag 


A very rough numerical calculation shews that these are 
in ascending order of magnitude for the values 4,1, 2 of r; 
hence 
2 +3! +4 3%—2 cos $r 


E ee T 
Pw) cha 1—2 cos $7 + 4 cos“ ir’ 


while P(4o,) and P(§@,) are the same functions of cos 37 
and cos $r. 

I have verified the accuracy of this analysis by the actual 
elimination of z’ between (v) and 2° - 3yz7-1=0, the 
result being y° — 3y’ +1 =0, as it should be. 

It is interesting to notice that for the value 


oS 50) 


the cubic for y can be formally solved in any case in a form 
suitable for numerical calculation if a be real. 
The equation in question becomes on clearing fractions 


(y — a)’ —9 (6a — 39,) (y — a)— 3 (600° — 1lag, — 99,) = 0. 


Now, if a” =4a-— 94-9, 
a” = 6a" aia 394 . 
so that 9, = 12a’ — 2a”, 
9, = — 8a" + 2aa” — a”, 


the equation becomes 
(y-a) — 9a” (y — a) - 3 (taa” + 9a") =0 (vii); 
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while the same substitutions throw the equation for a into 
the form 
12aa” — a’? =0. 


Cardan’s solution of equation (vii) now is 
§ oA j 
y-a= viper, + 8'2!ata4a, where a’ = 1 
2? at 
or y=a> TE a 
; L 2 aè 

When this value of y is used in the equation for z, it 

reduces on taking z-a -— $ (y - a), say 2’, for the unknown, to 


zx? — mz’ — mn =0, 
Pa a( AE 
j 


2 
where m=@ maa" (1 +a gte 4 
3° 23 a 2° Ed 


$ 3 anh 
n=a = ae (1405, =i) 
3° 2° a 


and the only new irrationals involved in the values of x are 
cube-roota of 
y a? 


— 


e 24,3 aè 


where y is a primitive twelfth root of unity. 
Though not directly connected with the subject of this paper, 
it may be pointed out that the relation 


a=— 3b 


found between the constants employed, which may be ex- 
pressed in the form 


P(jw, 2w, 20’)=—-3P(Zw’, 30, 3w), 
is only the first of a series which may be easily verified by 
obtaining the leading terms of two transformations of odd 


degree n, which lead to multiplication. ‘The general form of 
the relation is 


a(n-1) _ 79 b(n) ý i 
3 P(22, 2w, 2w')=-n S (=, “=, 20’). 
1 n 1 n n 
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